Abstract. Göttsche gave a formula for the dimension of the cohomology of Hilbert schemes of points on a smooth projective surface S. When S admits an action by a finite group G, we describe the action of G on the cohomology spaces. In the case that S is a K3 surface, each element of G gives a trace on
Introduction
Let S be a smooth projective K3 surface over C. In [YZ96] and [Bea99] , the number of rational curves in an integral linear system on S is calculated using the relative compactified Jacobian. The idea is that the Euler characteristic of the relative compactified jacobian equals the number of maximally degenerate fibers if all rational fibers are nodal, and these are the raional curves we want. But the relative compactified jacobian is birational to the Hilbert scheme of points of S, the Euler characteristic of which is computed in [Gö90] . Hence we get the number of rational curves and the generating series:
where N(n) is the number of rational curves contained in an n-dimensional linear system |L|, C n is the tautological family of curves over |L| with fibers being integral, Date: July 23, 2019.
S
[n] is the Hilbert scheme of n points of S and ∆(t) = t n≥1 (1 − t n ) 24 is the unique cusp form of weight 12 for SL 2 (Z).
In this paper G will always be a finite group. We will consider a smooth projective K3 surface over C with a G-action, and ask whether we can prove a similar equality for G-representations. Since the main idea is to count the number of rational points in finite fields and then use comparison theorems between singular cohomology and l-adic cohomology, we will also consider the situation in characteristic p.
H i (·, C) denotes the singular cohomology and H i (·, Q l ) denotes the l-adic cohomology. We will consider power series with coefficients lying in the ring of virtual graded G-representations R k (G), of which the elements are the formal differences of isomorphism classes of finite dimensional graded k-representations of G. The addition is
given by direct sum and the multiplication is given by tensor product.
The main results are as follows.
Theorem 1.1. Let S be a smooth projective surface over F q with a G-action, where q is a power of p. Suppose p ∤ |G|. Let S
[n] be the Hilbert scheme of n points of S, and let S (n) be the n-th symmetric power of S. Then we have the following equality as virtual graded G-representations. 
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Corollary 1.2. Let S be a smooth projective surface over C with a G-action. If we fix i ≥ 0, then H i (S [n] , C) become stable for n ≥ i as G-representations.
Theorem 1.3. Let X and Y be smooth projective algebraic varieties over C with a G-action. If X and Y have trivial canonical bundles and there is a birational map f : X → Y which commutes with the G-action, then
as graded G-representations.
Note that Theorem 1.3 is the finite group actions version of Batyrev's result [Ba99] . As explained in [Ba99, Prop 3.1], there exists U ⊂ X (resp. V ⊂ Y ) which
is the maximal open subset where f (resp. f −1 ) is defined, and we have f : U → V is an isomorphism. The requirement of commuting with the G-action in Theorem 1.3 means that U, V are G-stable, and f : U → V commutes with the G-action.
Recall that a linear system |L| is called an integral linear system if every effective divisor in it is integral. |L| is called G-stable if G induces an action on H 0 (S, L).
Corollary 1.4. Let S be a smooth projective K3 surface over C with a G-action, and let C n be the tautological family of curves over any n-dimensional integral Gstable linear system. Then we have the following equalities as virtual graded Grepresentations. 
( * )
where the coefficients lie in R C (G), e(X)
Remark 1.5. Note that we are fixing the surface S here, so the equality above should be understood as: if S admits an n-dimensional integral G-stable linear system, then [e(J n (C n ))] equals the coefficient of t n on the right hand side.
Recall that for a complex K3 surface S with an automorphism g of finite order
n, H 0 (S, K S ) = Cω S has dimension 1, and we say g acts symplectically on S if it acts trivially on ω S , and g acts non-symplectically otherwise, namely, g sends ω S to ζ k n ω S , 0 < k < n, where ζ n is a primitive n-th root of unity.
For the right hand side of ( * ), we have Theorem 1.6. Let G be a finite group which acts faithfully and symplectically on a complex K3 surface S. Then
. In particular, if G is generated by a single element g of order N ≤ 8, then we have Theorem 1.8. Let G = g be a finite group generated by an automorphism g of order p, which acts non-symplectically on a complex K3 surface S. Then we have
, and T (g) := (H 2 (S, Z) g ) ⊥ is the orthogonal complement of the g-invariant sublattice.
For the left hand side of ( * ), recall that in [Bea99] , for the curve C in C n , we have e(J n (C)) = 0 if the normalizationC has genus ≥ 1, and e(J n (C)) = 1 if C is a nodal curve. Hence intuitively that is why e(J n (C n )) counts the number of rational curves in C n if we assume all rational curves in C n are nodal. But in our situation, e(J n (C)) = 0 does not mean [e(J n (C))] = 0 as G-representations. Hence non-rational curves may also contribute to [e(J(C n ))], and certain G-orbits of curves contribute certain representations. Nevertheless, we show that a G-orbit of curves with nodal singularities will contribute nothing if the normalization of the curve quotient by its stablizer is not rational. We denote by [e(X)] the alternating sum of the compactly supported l-adic
when we are in the situation of characteristic p. Theorem 1.9. Let C be an integral curve over F p with nodal singularities and a G-action. Suppose p ∤ |G|. Denote byC its normalization. IfC/ g is not a rational curve (i.e. P 1 ) over F p for every g ∈ G, then [e(J n C)] = 0 as G-representations.
Corollary 1.10. Let C be an integral curve over F p with nodal singularities and a G-action. Suppose p ∤ |G|. Denote byC its normalization. IfC/G is not a rational
This paper is organized as follows. Section 2 explains how we can compare cohomology groups using the Weil conjectures. In Section 3, we work with Hilbert schemes of points and prove Theorem 1.1 and Corollary 1.2. In Section 4, we review the method of p-adic integrals in [Ba99] and prove Theorem 1.3 by applying it in our case. In Section 5, we deal with compactified jacobians and prove Theorem 1.9 and Corollary 1.10. In Section 6, we prove Corollary 1.4, Theorem 1.6 and Theorem 1.8 by using the results in previous sections. Then we work with some particular situations when G equals Z/2Z or a certain finite simple group. When G = P SL(2, 7), A 6 , A 5 or S 5 , we determine the smooth projective curve C over C with a faithful G-action if there exists g ∈ G such that C/ g = P 1 .
I thank my advisor Professor Michael Larsen for his guidance and valuable discussions throughout this work, and in particular, for suggesting the problem.
Preliminaries
Let X be a smooth projective variety over C. Then we can choose a finitely generated Z-subalgebra R ⊂ C such that X ∼ = X × S SpecC for a regular projective scheme X over S = SpecR, and we can choose a maximal ideal q of R such that X has good reduction modulo q. We denote byX the smooth projective variety over F q after reduction, where q is some power of a prime number p. 
, and this isomorphism is compatible with the G-action by functoriality if there is a finite group G acting on X. Also by the fact that
G for a projective variety X with a finite group Gaction, we have
for a smooth projective X.
Now we first recall the proof of the following well-known fact, the idea of which will be used throughout the paper.
Proposition 2.1. Let X and Y be two smooth projective varieties over C. By considering good reductions of X and Y modulo some q, if |X(
Proof. By the Lefschetz fixed point formula for Frobenius, we have |X(
, where F q n denotes the geometric Frobenius. Let α n,i , i = 1, 2, ..., a n (resp. β n,i , i = 1, 2, ..., b n ) denote the eigenvalues of F q acting on
, where a n (resp. b n ) is the n-th betti number. Then
j=1 β n i,j for every n ≥ 1. Then by linear independence of the characters χ α : Z + → C, n → α n and taking into consideration that α i,j , β i,j , j = 1, 2, ... all have absolute value q i/2 by Weil's conjecture, we deduce that for each i, the list of eigenvalues α i,1 , ..., α i,a i must be the same as the list of eigenvalues β i,1 , ..., β i,b i up to reordering, which implies, in particular, a i = b i for each i. Hence the proposition follows.
Since we only know that the multiplicities of the eigenvalues of two sides are the same and we do not know whether the Frobenius action is semisimple, we Proposition 2.2. Let X be a smooth projective variety of dimension N over C. Then by choosing some good reduction of X over q, we have
where the coefficients lie in
, and Q l,α j,i denotes the one-dimensional Galois representation of degree j with eigenvalue α j,i by the geometric Frobenius F q .
Proof. First we note that for a smooth projective varietyX over F q ,X (k) does have the purity property. Namely, the absolute value of the eigenvalues of Frobe- 
The first equality is a combinatorial fact [Gö94, Remark 1.
Replacing q by q n , we get the following equality for every n ≥ 1
Note that if we define the weight of α as 2 log q |α|, then α j,i has an odd weight if j is odd and there is a minus sign before it. On the other hand, α j,i has an even weight if j is even and there is a plus sign before it since 1/(1 − αt) = ∞ m=0 (αt) m . On the left hand side, the same situation holds, namely if the eigenvalues have odd (resp. even) weights, then there are minus (resp. plus) signs before them. Hence by linear independence of the characters, we deduce the desired equality in
Recall the definition of the Poincaré polynomial P (X, z) :
Corollary 2.3. Let X be a smooth projective variety of dimension N over C. Then the generating series of Poincaré polynomials of X (n) is given by
Proof. Take the Poincaré polynomial of both sides of the equality.
Corollary 2.4. Let X be a smooth projective curve, an abelian variety, or a smooth projective K3 surface over C. Denote the dimension of X by N. Then by choosing some good reduction of X over q, we have
where the coefficients lie in R Q l (Gal Fq ), and
Proof. This follows from the fact that the action of the Frobenius on
is semisimple if X is a smooth projective curve, an abelian variety or a K3 surface [De72] . Hence the action of the Frobenius on
So the equality in Proposition 2.2 is actually an equality as graded Galois modules.
Now if we have a smooth projective variety with finite group actions, we then need a lemma corresponding to Proposition 2.1. The idea is that if X is a quasi-projective variety over F p with an automorphism σ of finite order, then X and σ can be defined over some F q . Let F q be the corresponding geometric Frobenius. Then for n ≥ 1, the composite F Then the Grothendieck trace formula implies that
Proposition 2.5. Let X and Y be two smooth projective varieties over C with finite group G-actions. By considering good reductions of X and Y modulo some q such that G-actions can be defined over
Proof. Fix g ∈ G. Since g commutes with F q and the action of g on the cohomology group is semisimple, there exists a basis of the cohomology group such that the actions of g and F q are in Jordan normal forms simultaneously. Let
in such a basis, where a n (resp. b n ) is the n-th betti number. Let c n,i , i = 1, 2, ..., a n (resp. d n,i , i = 1, 2, ..., b n ) denote the eigenvalues of g acting on the same basis of
for every n ≥ 1. By the linear independence and eigenvalue discussions as before, we
But since g is arbitrary, this means that the characters for the G-representations
By a similar argument as in the proof of Proposition 2.2, we obtain Corollary 2.6. Let X be a smooth projective curve, an abelian variety, or a smooth projective K3 surface over C. Denote the dimension of X by N. Then by choosing some good reduction of X over q such that the G-action can be defined over F q , we have
where the coefficients lie in R C (G).
Proof. Similar as before, except that now we have
where h k,m,i are the eigenvalues of g on
, Q l ), and g j,i are the eigenvalues of
Hence we deduce that the trace of g on the left hand side equals the trace of g on the right hand side for the equality in Corollary 2.6.
Hilbert scheme of points
Let X
[n] denote the component of the Hilbert scheme of X parametrizing subschemes of length n of X. For properties of Hilbert scheme of points, see references [I77] , [Gö94] and [N99] . The following theorem is proved for smooth projective surfaces over C in [Gö90] , and for quasi-projective surfaces over C in [GS93] .
Theorem 3.1. The generating function of the Poincaré polynomials of the Hilbert scheme X
[n] is given by
By analyzing the structure of X [n] [Gö90, Lemma 2.9], we know that
for some q and every k ≥ 1, which implies
Now using Proposition 2.2 and replacing
.
Taking the Poincaré polynomials of both sides, we obtain Theorem 3.1 for smooth projective surfaces. We notice that the first term in the product on the right hand side of Theorem 3.1 is the generating series of the Poincaré polynomial for X (n) , which seems like a coincidence at first glance. But actually each term is some twisted generating series of the Poincaré polynomial for X (n) .
Now suppose we have a smooth projective surface over C with a G-action, and we want a similar equality as above. By considering some good reduction of the surface, we can restrict ourselves to the characteristic p and p ∤ |G|.
The following discussion will be used to deduce the key Lemma 3.3.
Let S be a smooth projective surface over F q with an automorphism g over F q of finite order. If x ∈ S(F q ) gFq where F q is the geometric Frobenius, then x lies over a closed point y ∈ S. Denote the residue degree of y by N. Hence x ∈ S(F q N ) and there are N geometric points x, F q (x), ..., F N −1 q (x) lying over y.
Let us study the relative Hilbert scheme of n points at a closed point.
Since g and F q fix y, they act on this Hilbert scheme. Over F q , we have
by the base change property of the Hilbert scheme. Denote by u a primitive element of the field extension F q N /F q and denote by f (x) the irreducible polynomial of u over F q . Since we have an F q -algebra isomorphism
by the Chinese Remainder Theorem, we deduce that
Hence the F q -valued points of Hilb n (Spec( O S,y )/SpecF q ) correspond to the closed subschemes of degree n of SpecF q [[s, t]], i.e. the closed subschemes of degree n of S whose underlying space is a subset of the points x, F q (x), ..., F
by sending s to s q , t to t q and c ∈ F q N to c q , we deduce from the above discussion that F q acts on (
Lemma 3.2. Let H = g . Suppose p ∤ |H|, then we can choose s and t such that g acts on F q N [[s, t]] σ-linearly, where σ is the inverse of the Frobenius automorphism of Gal(F q N /F q ).
Proof. g acts as an
Hence g(α) = σ(α) for all α ∈ F q N where σ is the inverse of the Frobenius automorphism. Now we write g(s) = as + bt+ ... and g(t) = cs + dt+ ... where a, b, c, d ∈ F q since g commutes with
ρ(g)(t) = cs + dt and the action of ρ(g) on F q N is the same as the action of g.
Then we denote the
Notice that θ is an automorphism because the linear term of θ is an invertible matrix. We deduce that gθ = θρ(g), which implies θ −1 gθ = ρ(g). Hence we are done.
Notice that Lemma 3.2 is the only place we use the assuption p ∤ |G| for Theorem 
Hence the action of gF q on (
to itself. Hence gF q acts on each complete local ring, which is what we expected since gF q fixes each geometric point over y. In particular, it acts on
Recall that Hilb n ( O S Fq ,x )(F q ) parametrizes closed subschemes of degree n of S Fq supported on x.
Lemma 3.3. 
Now for the right hand side,g is an automorphism of finite order and F q is the geometric Frobenius. Then by the Grothendieck trace formula, we have
But the action ofg factors through GL 2 (F q ). Now we use the fact that if G is a connected algebraic group acting on a separated and finite type scheme X, then the
Hence we have
From Lemma 3.3 we observe that |Hilb n ( O S Fq ,x )(F q ) gFq | is a number independent of the choice of the gF q -fixed point x.
Lemma 3.4.
where Hilb n ( O S Fq ,x ) is the punctual Hilbert scheme of n points at some g r F r q -fixed point x ∈ S(F q ), and P r (S, gF q ) denotes the set of primitive 0-cycles of degree r of gF q on S, whose elements are of the form
gFq . Suppose (n 1 , ..., n r ) is a partition of n and Z = (Z 1 , ..., Z r ) with Z i being the closed subscheme of Z supported at a single point with length n i . Then SuppZ decomposes into gF q orbits. We can choose an ordering ≤ on S(F q ). In each orbit, we can find the smallest x j ∈ S(F q ). Suppose Z j with length l is supported on x j and x j has order k. Then the component of Z which is supported on the orbit of x j is determined by Z j , namely, it is ∪
q (Z j ) with length kl. Also notice that Z j is fixed by g k F k q . Hence, to give an element of S [n] (F q ) gFq is the same as choosing some gF q orbits and for each orbit choosing some element in
q -fixed point x in this orbit such that the final length altogether is n. Combining all of these into power series, we get the desired equality.
The idea we used above is explained in detail in [Gö90,  parametrizes closed subschemes of length n that are supported on a single point.
Denote Hilb
Now combining Lemma 3.3 and Lemma 3.4, we have Proof of Theorem 1.1 Since we have
by Proposition 3.5 we get
Let l ∈ N. Then by choosing sufficiently large q powers Q such that the cell decomposition of V n,Fq is defined over F Q , we have
By replacing Q by Q-powers and using the Grothendieck trace formula as in the proof of Proposition 2.5, we get
as graded G-representations. Now by Corollary 2.6 and replacing t by Q l,q m−1 t m , we
Corollary 3.6. For a smooth projective surface S over C, we have 
We will use this expression to determine the G-representation [e(S [n] )] later when S is a K3 surface.
Proof of Corollary 1.2 We let
We denote by a i,j the degree i part of the coefficient of t j . If i < j, then a i,j (G(t)) = 0 as G-representation. Now fix i, take n ≥ i, and then we have
Notice that a i,0 (G(1)) is a representation independent of n. Hence H i (S [n] , C) become stable as G-representations for n ≥ i.
Birational varieties with trivial canonical bundles
We first review the idea in the proof of the following theorem. 
Let F be a finite extension of the p-adic field Q p , R ⊂ F be the maximal compact subring, q ⊂ R the maximal ideal, and F q = R/q the residue field with |F q | = q = p r .
Now let X be a smooth n-dimensional algebraic variety over F . Assume that X admits an extension X to a regular S-scheme, where S = SpecR. Then if the relative dualizing sheaf Ω n X /S is trivial, there exists a global section ω ∈ Γ(X , Ω n X /S ) which has no zeros in X . This ω is called a gauge form, and it determines a canonical padic measure dµ ω on the locally compact p-adic topological space X (F ) of F -rational points. This dµ ω is called the Weil p-adic measure associated with the gauge form ω, and it is defined as follows: Let x ∈ X (F ) be an F -point and let t 1 , ..., t n be local p-adic analytic parameters at x. Then t 1 , ..., t n define a p-adic homeomorphism θ :
where g is a p-adic analytic function on θ(U) having no zeros. Then dµ ω on U is defined to be the pullback with respect to θ of the p-adic measure ||g(t)||dt on θ(U),
where || · || can be taken as the absolute value on F extended from || · || p on Q p , and dt is the standard p-adic Haar measure on A n (F ) normalized by the condition
Notice that if we choose another global section ω ′ , then dµ ω and dµ ω ′ may not agree on X (F ), but they agree on X (R) since ω ′ = ωh for an invertible function h and h has p-adic norm 1 on X (R).
Hence in general even if we do not assume the canonical bundle is trivial, since it is locally trivial, we can still define a p-adic measure dµ at least on the compact X (R).
Now we list some properties of these measures [Ba99]:
Theorem 4.2. Let X be a regular S-scheme with a gauge form ω, and let dµ ω be the corresponding Weil p-adic measure on X (F ). Then
Theorem 4.3. Let X be a regular S-scheme, and let dµ be the p-adic measure on X (R). Then
Theorem 4.4. Let X be a regular S-scheme and let Z ⊂ X be a closed reduced subscheme of codimension ≥ 1. Then the subset Z(R) ⊂ X (R) has zero measure with respect to the canonical p-adic measure dµ on X (R).
Combining all of these, let X and Y be smooth projective birational varieties of dimension n over C with trivial canonical bundles. Then there exist Zariski open dense subsets U ⊂ X and V ⊂ Y with codim X (X\U) ≥ 2 and codim Y (Y \V ) ≥ 2 and an isomorphism φ : U → V . By a standard argument, we can choose a finitely generated Z-subalgebra R ⊂ C such that 'everything' (e.g. X, Y, U, V ) can be defined over SpecR and have good reductions over some maximal ideal q. Let ω X and ω Y be gauge forms on X and Y respectively and ω U and ω V their restriction to U and V . Since φ * ω V is another gauge form on U, φ * ω V = hω U for some nowhere vanishing regular function h ∈ Γ(U, O * X ). The property codim X (X\U) ≥ 2 implies that h ∈ Γ(X, O * X ). Hence ||h(x)|| = 1 for all x ∈ X(F ) (notice that X(F ) = X(R)), which means the Weil p-adic measures on U(F ) associated with φ * ω V and ω U are the same. Hence
By Theorem 4.4, we have
Applying Theorem 4.2, we get
Replacing R by its cyclotomic extension obtained by adjoining all (q r − 1)-th roots of unity, the residue field F q will become F q r and we get the same equality regarding F q r -rational points for r ≥ 1. Hence we have
Now let X and Y be smooth projective algebraic varieties over C with finite group G-actions. If X and Y have trivial canonical bundles and there is a birational map f : X → Y which commutes with G-actions, where the meaning of commuting with G-actions is explained after Theorem 1.3, then as above there exists R, which is the maximal compact subring in a local p-adic field, such that 'everything' (e.g.
X, Y, U, V ) can be defined over SpecR and have good reductions over some maximal
for some positive integer N. Let R ′ be the integral closure of R in the unramified extension of F such that the residue field is F q N . Then we have Proposition 4.5.
closed F q N -point and g 1 , ..., g n are generators of the maximal ideal of O X,x , then they define a p-adic analytic homeomorphism γ :
, where φ −1 (x) is the fiber of φ overx and A n (q ′ ) is the set of R ′ -rational points of A n whose coordinates lie in q ′ . Now as in the proof of [Ba99, Theorem 2.5], we know that
Proof of Theorem 1.3. The Weil p-adic measures on U(F ′ ) associated with f * ω V and ω U are the same, which implies the following equality
Then by Proposition 4.5, we have
Replacing R by its cyclotomic extension and then by Proposition 2.5, we get
Compactified Jacobians
Recall some facts from [AK76] , [A04] and [EGK00] . Let C/S be a flat projective family of integral curves. By a torsion-free rank-1 sheaf I on C/S, we mean an S-flat coherent O C -module I such that, for each point s of S, the fiber I s is a torsion-free rank-1 sheaf on the fiber C s . We say that I is of degree n if χ(I s ) − χ(O Cs ) = n for each s.
Given n, consider theétale sheaf associated to the presheaf that assigns to each locally Noetherian S-scheme T the set of isomorphism classes of torsion-free rank-1 sheaves of degree n on C T /T . This sheaf is representable by a projective Sscheme, denotedJ Recall that at the beginning we are considering C, which is the tautological family of curves over an n-dimensional integral G-stable linear system. Since C has a stratification according to the geometric genus of the fibers and the G-action (see §6), we can temporarily focus our attention on J n C for a single singular curve C with a G-action (note that our G-action on J n C is given by pushing forward the torsion-free rank-1 sheaves). This is reasonable since we have Now we have an integral curve C over F p . Recall that J n C parametrizes the isomorphism classes of torsion-free rank-1 sheaves of degree n on C, and we have the following facts [Bea99] .
Proposition 5.2. Let C be an integral curve over an algebraically closed field k.
Using these two facts, we obtain the following corollary.
Corollary 5.3. Let all the singularities of an integral curve C be nodal singularities. Then J n C has the following stratification
where J n C parametrizes rank-1 torsion-free sheaves of degree n, and C ′ goes through all partial normalizations of C (including C itself).
Now let J n C ′ be some stratum which is preserved by G. We want to calculate the
Here we need to make use of the short exact sequence of algebraic groups
where L is a smooth connected linear algebraic group [BLR90, §9 Corollary 11], and
Zariski fiber bundle over J nC ′ [Se88, Chapter VII, Proposition 6]. Now we need to prove the following lemma.
Lemma 5.4. Let B and F be separated schemes of finite type over F p , and let G be a finite group acting on B × F and B such that the projection B × F → B is G-equivariant. Suppose B is connected. Then we have
Proof. We begin with a homotopy argument. Fix g ∈ G. By assumption, we have a commutative diagram
Hence we have a map φ = (g, π) from B × F to the fiber product B × F , which maps
commutes. On the other hand, we have
The automorphism φ acts on it and, at b ∈ B it acts the way g b acts on H i c (F, Z/nZ). Since an endomorphism of a constant sheaf over a connected base is constant, the action of φ is the same everywhere. Passing to limit, we deduce that the actions of g b on H * c (F, Q l ) are the same for every b ∈ B.
By the same idea we used before, now it suffices to prove the following:
But by what we just proved and the Lefschetz trace formula, we have |({b 1 } × Corollary 5.5. Let B, E and F be separated schemes of finite type over F p . Suppose E is a Zariski-locally trivial fiber bundle over B with fiber F and let G be a finite group acting on E and B, the action of which is compatible with the projection is the same as the action of g b 0 , which is the same as the action of g b 2 . Hence we
and we are done.
Corollary 5.6. Let C be an integral projective curve over F p with finite group G-actions. Then
, where L is a linear algebraic group and C is the normalization of C.
Proof. Let f * : J n C → J nC be the pullback map. Since g is an automorphism
on C andC, we have g * f * = f * g * . Now we use Corollary 5.5. Now to prove Theorem 1.9, we first prove the following statement about e(J n C).
Lemma 5.7. Let C be an integral curve over F p with nodal singularities and a G-action. Suppose p ∤ |G|. IfC/ g is not a rational curve for every g ∈ G, then [e(J n C)] = 0 as G-representations.
Proof. By Corollary 5.6, it suffices to prove [e(J nC )] = 0, which is equivalent to Tr(g)| [e(J nC )] = 0 for any g ∈ G. But J nC is an abelian variety, which means
is not rational, we have
, where V 0 is the non-empty eigenspace of g with eigenvalue 1, and V 1 is its complement. We have Proof of Corollary 1.10. IfC/G is not a rational curve, thenC/ g is not rational for any g ∈ G.
Remark 5.8. We are dealing with characteristic p in this section because we do not know whether Corollary 5.5 is true for singular cohomology in characteristic 0.
Since B, E, and F are not assumed to be smooth projective, we cannot use the proper smooth base change theorem.
Rational curves on surfaces
Let S be a smooth projective K3 surface over C with a G-action, and let C be the tautological family of curves over an n-dimensional integral linear system |L| acted on by G. Then J n C is a smooth projective variety over L whose fiber over a point t ∈ L is the compactified jacobian J n C t . Choose some good reduction over q such that 'everything' (J n C, S, G-action etc.) is defined over F q , and we assume L is still integral. Then |L| has a stratification where each stratum B satisfies Stab G (t) = H for every t ∈ B and some subgroup H, and the fibers C t of the stratum have the same geometric genus. This is because the common eigenspace W (H) of a subgroup
is a closed subspace and
is a locally closed subspace. The reason for the stratification by the geometric genus is that the geometric genus gives a lower semicontinuous function in our case [Sh12] . Now notice that gB = B if g ∈ N G (H) and gB ∩ B = ∅ if g / ∈ N G (H). Hence we have a new stratification of |L| where each stratum ∪ g∈G gB is G-invariant. Let π : J n C → |L| be the compactified jacobian of the family of curves. Then by considering π −1 (∪ g∈G gB) for all B, we obtain a stratification of J n C, where each stratum is G-stable and is a Zariski-locally trivial fiber bundle over ∪ g∈G gB for the corresponding B. Then since
by Lemma 5.1 and Corollary 5.5, where C 0 is the fiber C t for some t ∈ B, Ind
is the induced representation, and e(J n C 0 ) can be expressed using Corollary 5.3, 5.6
or Theorem 1.9.
Proof of Corollary 1.4. Recall that we have a birational map from J n C to S Theorem 6.1.
[Mu88] Let g be a symplectic automorphism of a complex K3 surface S of order n < ∞. Then the number of fixed points of g is equal to ǫ(n) = 24 n p|n 1 +
Let g be a non-symplectic automorphism of a complex K3 surface S of prime order p. Then the Euler characteristic of S g is 24 − dp, where
, and
Proof of Theorem 1.6. By remark 3.7, we deduce that
Then using the Lefschetz fixed point formula and Theorem 6.1, we get the equality we want.
When G is a cyclic group of order N, we have N ≤ 8 by [H16, Corollary 15.1.8].
Recall the definition of the Dedekind eta function η(t) = t 1/24 ∞ n=1 (1 − t n ), where
If N is a prime number p, we notice that ord(g k ) = 1 if p|k, and ord(g k ) = p otherwise. Hence
If N = 4, we have
If N = 6, we have
If N = 8, we have
Proof of Theorem 1.8. By remark 3.7, we have
By the topological Lefschetz formula, we have
Fix g = 1 and notice that S g is the same as S g k for p ∤ k. We have Tr(g)| [e(S)] = Tr(g k )| [e(S)] = 24 − dp by Theorem 6.2. Hence
(24 − dp)t
(dp)t
Example 1 (Z/2Z). Let us consider a complex K3 surface S with a Z/2Z-action (i.e. an involution σ). Take a σ-invariant irreducible linear system L of dimension d. Assume all the rational curves in L have nodal singularities, which is the case for the primitive class of a very general K3 surface [Ch02] .
For the stratum of L which consists of curves that are not σ-stable and of geometric genus > 0, denote by M the corresponding stratum of Example 2 (PSL(2,7) ). Let S be a complex K3 surface acting faithfully by G = P SL 2 (F 7 ). Such a K3 surface exists. For example, P SL(2, 7) acts faithfully and symplectically on the surface X 3 Y + Y 3 Z + Z 3 X + T 4 = 0 in P 3 by means of a linear action on P 3 [Mu88] . We know from Theorem 1.9 that a G-stable curve C with nodal singularities in an integral linear system does contribute to the representation [e(J d C)] only if there exists some g ∈ G such thatC/ g = P 1 . It turns out that if this happens, thenC must be the Klein quartic, which is the Hurwitz surface of the lowest possible genus. Notice that G acts on C faithfully since any non-trivial element of G acts symplectically on S and cannot fix curves.
Proposition 6.4. Let C be a smooth projective curve over C with a faithful G = P SL(2, 7)-action. If there exists g ∈ P SL(2, 7) such that C/ g = P 1 , then the genus of C is 3 and g has order 7. In particular, the automorphism group of C reaches its Hurwitz bound, and hence C is the Klein quartic.
Proof. The idea is to use the equivariant Riemann-Hurwitz formula [Se79, Chapter VI §4] for π : C → C/G = P 1 . We have [e(C)] = e(P 1 )I 1 − p∈P 1
as G-representations, where g is the stablizer of some point over p, I g denotes the induced representation Ind G g ½, and ½ is the 1-dim trivial representation. Notice that I g is independent of the point we choose over p.
Since G acts trivially on P 1 , we have
and what we are going to do is to compare the representations on both sides. For this purpose, we need the character table of P SL(2, 7). 
1 (2) (−1)
1 (2) ωω χ 5 1 (5) 1 (3) (−1) (2) 1 (3) (−1)
1ω
(2)ω(2) χ 6 1 (5) 1 (2) (−1) (3) 1 (3) (−1)
(2)ω(2) χ 7 1 (6) 1 (3) (−1) (3) 1 (2) (−1) (4) 1 (2) ω I 2B = χ 1 + χ 2 + 2χ 3 + 2χ 4 + 3χ 5 + 3χ 6 + 2χ 7 I 3 = χ 1 + χ 2 + 2χ 3 + 2χ 4 + χ 5 + χ 6 + 2χ 7 I 4 = χ 1 + χ 3 + χ 4 + χ 5 + 2χ 6 + χ 7
I 5 = χ 1 + χ 2 + χ 5 + χ 6 + 2χ 7 I 6 = χ 1 + χ 3 + χ 4 + χ 5 + χ 7
Now since there exists g ∈ G such that C/ g = P 1 , we have H 1 (C, C) g = H 1 (C/ g , C) = 0. But for χ 1 , χ 5 and χ 7 , whatever g is, there are always nontrivial g-fixed vectors. This implies that H 1 (C, C) does not contain χ 1 , χ 5 and χ 7 at all. Hence the coefficients of χ 1 , χ 5 and χ 7 in p∈P 1 (I 1 − I g ) − 2I 1 + 2½ must be 0. This gives us only two possibilities: H 1 (C, C) = I 1 − I 2 − I 4 − I 5 + 2½ = 2χ 4 or H 1 (C, C) = I 1 − I 2 − I 5 − I 6 + 2½ = 2χ 4 + 2χ 6 . For the second case, we notice that whatever conjugacy class g belongs to, there always exists g-fixed vectors in 2χ 4 + 2χ 6 . Hence H 1 (C, C) = I 1 − I 2 − I 4 − I 5 + 2½ = 2χ 4 . It follows that C has genus 4 and g has order 5. E-mail address: zhans@indiana.edu
